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Viscous dissipationAbstract The aim of this paper is to present the unsteady magnetohydrodynamic (MHD) bound-
ary layer ﬂow and heat transfer of a ﬂuid over a stretching sheet in the presence of viscous dissipa-
tion and heat source. Utilizing a similarity variable, the governing nonlinear partial differential
equations are ﬁrst transformed into ordinary differential equations before they are solved numeri-
cally by applying Keller Box method. Effects of physical parameters on the dimensionless velocity
and temperature proﬁles were depicted graphically and analyzed in detail. The numerical predic-
tions have been compared with already published papers and good agreement is obtained.
Finally, numerical values of physical quantities such as the skin friction coefﬁcient and the local
Nusselt number are presented in tabular form. Heat transfer rate at the surface increases with
increasing values of Prandtl number and unsteadiness parameter whereas it decreases with magnetic
parameter, radiation parameter, Eckert number and heat source parameter.
 2015 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The ﬂuid ﬂow over a stretching surface is important in appli-
cations such as extrusion, wire drawing, metal spinning, and
hot rolling, etc [1–3]. It is crucial to understand the heat andﬂow characteristics of the process so that the ﬁnished product
meets the desired quality speciﬁcations. Since the pioneering
work of Sakiadis [4,5], various aspects of the problem have
been investigated by many authors. It should be noticed that
there have been published several papers [6–15] on the ﬂow
and heat transfer problems for stretching surfaces.
The unsteady heat transfer problems over a stretching sur-
face, which is stretched with a velocity that depends on time
are considered by Anderson et al. [16], and a new similarity
solution for the temperature ﬁeld is devised, which transfers
the time dependent thermal energy equation to an ordinary
differential equation. Elbashbeshy and Bazid [17] studied the
heat transfer over an unsteady stretching surface. Recently,
Ishak et al. [18] have studied the heat transfer over an unsteady
stretching vertical surface. Ishak et al. [19] have also
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tinuously stretching permeable surface, while Ali and
Mehmood [20] have presented a study of homotopy analysis
of unsteady boundary layer ﬂow adjacent to permeable
stretching surface in a porous medium. Very recently,
Gnaneswara Reddy [21] presented an unsteady radiative con-
vective boundary layer ﬂow of a casson ﬂuid with variable
thermal conductivity.
Ishak [22] studied the MHD ﬂow and heat transfer charac-
teristics over an unsteady stretching surface. Yusof et al. [23]
extended Ishak [22] work by introducing the effect of radiation
for the MHD ﬂow and heat transfer over an unsteady stretch-
ing surface. Radiation is energy that comes from a source and
travels through some material or through space. Light, heat
and sound are types of radiation. Radiation is considered in
his study due to the fact that thermal radiation effect might
play a signiﬁcant role in controlling heat transfer process in
polymer processing industry. Many new engineering processes
such as fossil fuel combustion energy processes, solar power
technology, astrophysical ﬂows, gas turbines and the various
propulsion devises for aircraft, missiles, satellites, and space
vehicle re-entry occur at high temperature. So knowledge of
radiation plays a very important role and hence, its effect can-
not be neglected. Also thermal radiation is of major impor-
tance in many processes in engineering areas which occur at
a high temperature for the design of many advance energy con-
version systems and pertinent equipment. The Rosseland
approximation is used to describe the radiative heat ﬂux in
the energy equation.
The objective of the present study is to extend the works of
Yusof et al. [23] by introducing effects of viscous dissipation
and heat source in the energy equation. The irreversible pro-
cess by means of which the work done by a ﬂuid on adjacent
layers due to the action of shear forces is transformed into heat
is deﬁned as viscous dissipation. Viscous dissipation is of inter-
est for many applications: signiﬁcant temperature rises are
observed in polymer processing ﬂows such as injection mold-
ing or extrusion at high rates. Aerodynamic heating in the thin
boundary layer around high speed aircraft raises the tempera-
ture of the skin. Boundary layer ﬂows with internal heat gen-
eration over a stretching sheet continue to receive attention
because of its many practical applications in a broad spectrum
of engineering systems.2. Mathematical formulation
We consider the unsteady two dimensional laminar boundary
layer ﬂow past a continuously stretching sheet immersed in an
incompressible electrically conducting ﬂuid. It is assumed that
the unsteady ﬂow and heat transfer start at time t= 0.
Keeping the origin ﬁxed, the surface is stretched with velocity
Uw(x, t) along the x-axis. The stretching velocity Uw(x, t) and
the surface temperature Tw(x, t) are given by
Uwðx; tÞ ¼ ax=ð1 ctÞ and Twðx; tÞ ¼ T1 þ bx=ð1 ctÞ;
ð1Þ
respectively, where a, b and c are constants with dimension
time1 [16].
The governing equations for the problem can be written as
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subject to the boundary conditions
U ¼ Uw; V ¼ 0;T ¼ Tw; at y ¼ 0;
U! 0;T! T1 as y!1; ð5Þ
where u and v are velocity components along the x-axis and y-
axis, respectively. T is the ﬂuid temperature in the boundary
layer, t is time, t is the kinematic viscosity, q is the ﬂuid
density, a is the thermal diffusivity, cp is the speciﬁc heat at
constant pressure, l is the coefﬁcient of viscosity, Q is the vol-
umetric heat generation/absorption rate and qr is the radiative
heat ﬂux. To obtain similarity solution for Eqs. (2)–(5), the
variable magnetic ﬁeld and heat generation/absorption are
assumed to be B ¼ B0=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ctp and Q= Q0/(1  ct) respec-
tively, where B0 and Q0 are constants.
The radiative heat ﬂux qr, under Rosseland approximation
[24], has the form
qr ¼ ð4r=3kÞ
@T4
@y
ð6Þ
where r* is the Stefan Boltzmann constant and k* is the
absorption coefﬁcient. Temperature differences in the ﬂow
are assumed to be sufﬁciently small such that T4 may be
expressed as a linear function of temperature. Expanding T4
about T1 in Taylor’s series and neglecting higher orders yield
T 4 ﬃ 4T 31T 3T 41 ð7Þ
Substituting (6) and (7) in Eq. (4) gives
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where R ¼ 16rT 31=3kk is the radiation parameter and k is
thermal conductivity.
The mathematical problem is simpliﬁed by introducing the
following dimensionless functions f and h, and the similarity
variable g:
g ¼ y
ﬃﬃﬃﬃﬃﬃ
Uw
tx
r
; w ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Uwtx
p
fðgÞ; hðgÞ
¼ ðT T1Þ=ðTw  T1Þ ð9Þ
The equation of continuity is satisﬁed for the stream func-
tion w(x, y) with the relations
u ¼ @w
@y
¼ ðax=1 ctÞf0ðgÞ; v ¼  @w
@x
¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ta=1 ct
p
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ð10Þ
The mathematical problem deﬁned by (2), (3), (8) and
boundary conditions (5) are then transformed into a set of
ordinary differential equations as follows:
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and corresponding boundary conditions are
fð0Þ ¼ 0; f 0ð0Þ ¼ 1; hð0Þ ¼ 1 at g ¼ 0;
f 0ðgÞ ! 0; hðgÞ ! 0 as g!1; ð13Þ
where primes denote differentiation with respect to g. A= c/a
(Unsteady parameter), M ¼ rB20=qa (Magnetic parameter),
Ec ¼ U2w=cpðTw  T1Þ (Eckert Number), c= Q0/qcpa (Heat
source parameter) and Pr= t/a (Prandtl number).
The physical quantities of interest are the skin friction
coefﬁcient
Cf ¼ 2sw=qU2w ð14Þ
and the local Nusselt number
Nux ¼ xqw=kðTw  T1Þ ð15Þ
where the surface shear stress sw and the surface heat ﬂux qw
are deﬁned by
sw ¼ l @u
@y
 
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ð16Þ
with l being the dynamic viscosity. Using non-dimensional
variables (9) in (16) we obtain
1
2
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where Rex = Uwx/t is the local Reynolds number.
3. Numerical solution
Since Eqs. (11) and (12) are highly nonlinear, it is difﬁcult to
ﬁnd the closed form solutions. Thus, the solutions of these
equations with the boundary conditions (13) are solved numer-
ically using the Keller box method. The convergence of the
method depends on the choice of the initial guesses. The
following initial guesses are chosen:Table 1 Values of h0(0) for various values of A, M, R and Pr.
A M R Pr Ishak [22] Keeler
box method
0 0 0 0.72 0.8086
1 1.0000
3 1.9237
6.7 3.0003
0 1 0 0.7 0.6897
1 0.8921
10 3.6170
1 0 0 0.7 1.0834
7 3.7682
1 1 0 0.7 1.0500
7 3.7164
1 1 1 0.7 –
1 –
3 –
7 –f0ðgÞ ¼ 1 eg; h0ðgÞ ¼ eg:
The choices of the initial guesses depend on the conver-
gence criteria and the boundary conditions (13). The step size
0.01 is used to obtain the numerical solution with ﬁve decimal
place accuracy as the criterion of convergence. From the pro-
cess numerical computation, the Skin friction coefﬁcient and
Nusselt number which are respectively proportional to f00ð0Þ
and –h0(0) are presented in tabular form.
4. Results and discussion
In the numerical solutions, effects of Radiation and viscous
dissipation on unsteady MHD boundary layer ﬂow and heat
transfer over a stretching sheet were considered. The momen-
tum Eq. (11) coupled with energy Eq. (12) constitutes a set of
non-linear ordinary differential equations for which obtaining
closed form solution is difﬁcult. Hence, Keller Box method
[25–27] is used to solve this system subject to the boundary
conditions (13). Velocity and temperature proﬁles were
obtained and we applied the results to compute the Skin fric-
tion coefﬁcient and Nusselt number in Eq. (17). The numerical
results were discussed for the values of the parameters graph-
ically and in tabular form. To verify the validity and accuracy
of the result obtained, numerical results for the values of heat
transfer rate at the surface are compared with Ishak [22], and
Yusof et al. [23] for the case R= 0 and steady state case
(A= 0). The numerical values (as shown in Table 1) are in
excellent agreement with the values of Ishak [22] and Yusof
et al. [23]. As it is shown in Table 1 the heat transfer coefﬁcient
increases with an increase of Prandtl number. This is true
because by deﬁnition, Prandtl number is the ratio of kinematic
viscosity to thermal diffusivity. An increase in the values of
Prandtl number implies that momentum diffusivity dominates
thermal diffusivity. Hence, the rate of heat transfer at the sur-
face increases with increasing values of Prandtl number.
Effects of the Radiation Parameter (R), Prandtl number
(Pr) on Skin friction coefﬁcient f00ð0Þ and Nusselt number –
h0(0) are shown in Table 2. It is noticed that as the radiation
parameter R increases the magnitude of the Nusselt number
h0(0) decreases. It is observed that as the Prandtl number
Pr increases the magnitude of the Nusselt number h0(0)Yusof et al. [23] (Runge–Kutta–Fehlberg
with shooting technique)
Present
0.808631 0.8086308
1.000000 1.0000000
1.923683 1.9237161
3.000272 3.0003220
0.689712 0.6897110
0.892147 0.8921452
3.616992 3.6170717
1.083386 1.0832785
3.768235 3.7645541
1.049986 1.0499175
3.716467 3.7136611
0.708645 0.7086420
0.867918 0.8678333
1.608920 1.6081314
2.561119 2.5596874
Table 2 Numerical values of the Skin Friction coefﬁcient and
Nusselt number for various values of A, M, R, Pr, Ec, c.
A M R Pr Ec c h0(0) f 00ð0Þ
0.5 0.5 0.5 0.72 0.1 0.1 0.662541 1.365633
0.5 0.558067 1.365633
1.0 0.427475 1.365633
0.2 0.612222 1.365633
0.3 0.552430 1.365633
1.0 0.1 0.1 0.807784 1.365633
3.0 1.532200 1.365633
5.0 2.035281 1.365633
7.0 2.442865 1.365633
10 2.954325 1.365633
1.0 0.72 0.1 0.1 0.636583 1.538442
1.5 0.615585 1.693472
1.0 0.5 0.800362 1.497214
1.5 0.911575 1.619752
0.5 1.0 0.556132 1.365633
1.5 0.485385 1.365633
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increasing values of Radiation Parameter and Prandtl
Number.
Effects of M and A on the velocity proﬁles are shown in
Figs. 1 and 2. As expected, the velocity proﬁles increase with
the increase in M. When M increases, it will also increase the
Lorentz force which opposes the ﬂow and leads to enhance
deceleration of the velocity proﬁles. The momentum boundary
layer thickness decreases with M or A, hence, induces an
increase in the absolute value of the velocity gradient at the
surface. Thus, the rate of heat transfer at the surface decreases
with the presence of magnetic parameter and unsteadiness
parameter.
Figs. 3 and 4 depict temperature proﬁles for various values
of Prandtl number Pr and Unsteadiness parameter A. The
Prandtl number Pr deﬁnes the ratio of momentum diffusivity
to thermal diffusivity. It is noticed that an increase in Pr results
a decrease of the thermal boundary layer thickness and in gen-
eral lowers average temperature within the boundary layer.
The reason is that smaller values of Pr are equivalent to0 2 4 6 8 10
0
0.2
0.4
0.6
0.8
1
f '
()
A = 1, 3, 5, 7
R = 1, M = 0.5, Pr = 0.7, Ec =  = 0.1
Figure 1 Velocity proﬁles for different values of A.increasing the thermal conductivities, and heat is able to dif-
fuse away from the heated plate more rapidly than for higher
values of Pr [29]. Hence in the case of smaller Prandtl numbers
as the boundary layers are thicker the rate of heat transfer is
reduced. Both ﬁgures show that the thermal boundary layer
thickness decreases as Pr or A increases with increasing tem-
perature gradient at the surface. Thus, the heat transfer rate
at the surface increases with increasing values of Pr or A.
The temperature proﬁle for various values of magnetic
parameter M, radiation parameter R, Eckert number Ec, heat
source parameter c is presented in Figs. 5–8 respectively.
Figs. 5 and 6 show effects of magnetic parameter M and radi-
ation parameter R on the temperature h proﬁles respectively.
From these ﬁgures it can be seen that the absolute value of
the temperature gradient at the surface decreases with an
increase in M or R. So, the heat transfer rate at the surface
decreases as M or R increases. As R increases the temperature
proﬁle also increases. The radiation parameter R is responsible
to the thickening of the thermal boundary. This enables the
ﬂuid to release the heat energy from the ﬂow region and causes
the system to cool. This is true because the Rosseland approx-
imation results in an increase in temperature. Fig. 7 shows the
effect of viscous dissipation parameter Ec on temperature pro-
ﬁle. The Eckert number Ec expresses the relationship between
the kinetic energy in the ﬂow and the enthalpy [28]. It embod-
ies the conversion of Kinetic energy into internal energy by
work done against the viscous ﬂuid stresses. Greater viscous
dissipative heat causes a rise in the temperature proﬁle. As
Ec increases, the temperature proﬁle also increases; from
Fig. 7, we notice that an increase in the Eckert number Ec is
to increase the temperature distribution. This is in conformity
to the fact that the energy is stored in the ﬂuid region as a con-
sequence of dissipation due to viscosity and elastic deforma-
tion. The Temperature proﬁles for various values of heat
source parameter c are presented in Fig. 8. As c increases,
the temperature proﬁles also increase. It can be seen that the
absolute value of temperature gradient at the surface decreases
with an increase in M, R, Ec and heat source parameter c.
Effects of Eckert Number Ec, M and Heat Source
Parameter c, M on Nusselt Number and Skin FrictionFigure 2 Velocity proﬁles for different values of M.
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Figure 3 Temperature proﬁles for different values of Pr.
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Figure 4 Temperature proﬁles for different values of A.
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Figure 5 Temperature proﬁles for different values of M.
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Figure 6 Temperature proﬁles for different values of R.
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Figure 7 Temperature proﬁles for different values of Ec.
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Figure 8 Temperature proﬁles for different values of c.
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Figure 9 Effect of Ec and M on Nusselt Number and Skin
Friction Coefﬁcient.
Figure 10 Effect of c and M on Nusselt Number and Skin
Friction Coefﬁcient.
1200 M. Gnaneswara Reddy et al.Coefﬁcient are shown in Figs. 9 and 10 respectively. It is
noticed that as the Eckert number Ec andM increase the mag-
nitude of the Nusselt number –h0(0) decreases whereas Skin
Friction Coefﬁcient increases. It is found that as the heat
source parameter c and M increase the magnitude of the
Nusselt number h0(0) decreases whereas Skin Friction
Coefﬁcient increases.
5. Conclusion
The inﬂuence of thermal radiation and viscous dissipation on
unsteady MHD ﬂuid ﬂow past a stretching sheet has been
studied in this paper. Effects of radiation parameter, magnetic
parameter, unsteady parameter, Eckert number, Prandtl num-
ber and heat source parameters on velocity proﬁle, tempera-
ture proﬁle, skin friction coefﬁcient and the rate of wall heat
transfer characteristics were observed. The skin friction coefﬁ-
cient decreases as A and M increase. And Nusselt number
increases with Pr and A and decreases with Ec, M, R, c.
From our numerical results, the following conclusions may
be drawn:1. Velocity proﬁles decrease with increase in magnetic
parameter M or unsteadiness parameter A.
2. Temperature distribution increases as the radiation
parameter R or Eckert number Ec or heat source parameter
c increases.
3. The heat transfer rate at the surface increases with increas-
ing values of unsteadiness parameter and Prandtl number.
4. The magnitude of the skin friction coefﬁcient f 00ð0Þ
decreases with an increase in unsteady parameter A whereas
the magnitude of the Nusselt number h0(0) increases.
5. The heat transfer rate at the surface decreases with increase
in radiation parameter, magnetic parameter, Eckert
number and heat source parameter.
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